1997; Zhao, et al., 2010) . Rake faces of the dual-cone double enveloping hourglass worm wheel hob are designed as spiral rake faces to avoid larger negative rake angles for both sides of each tooth of the hob (Simon, 2007; Shu, 2015) .
The land widths from the top to the root of all of the cutting teeth should be uniform so that all of the cutting teeth have the same cutting performance. It is necessary to design the land surface precisely in order to achieve the precise manufacture and measurement of this type of hob. In a Chinese patent (Zhang and Qi, 1993) , it is noted that the land width of the land surface is controlled within the interval [0.1, 0.15] mm. However, the patent did not define the land width quantificationally. Liu (Liu, et al., 2016 ) gave a method for designing the land edge with straight rake faces of a planar double enveloping hourglass worm wheel hob, but there is no detailed calculation and evaluation of the method. Rui put forward a method to define the land surface of the cutting teeth with spiral rake faces of a dual-cone double enveloping hourglass worm wheel hob. Similarly, the accuracy and the uniformity of this method have not evaluated.
In order to design the land surfaces of the cutting teeth of the dual-cone double enveloping hourglass worm wheel hob with spiral rake faces, this paper defines the land width of the land surface of the cutting teeth of the hob firstly. Then the mathematical model of the helical surfaces of the worm are given. The spiral rake faces are generated to obtained the cutting edges. The offset surfaces of the spiral rake faces are obtained by offsetting the spiral rake faces along their normal vector directions by an offsetting distance which is equal to the land width. The land edges, which are the intersection lines of the offset surfaces and the helical surfaces, are gotten. The land surfaces are parts of the helical surfaces between the cutting edges and the land edges. Next, a numerical example of the dual-cone double enveloping hourglass worm wheel hob is used to study the accuracy and the uniformity of the land widths of the land surfaces. Finally, the conclusions are given. Fig.1 shows a worm wheel and the worm wheel hob which is hobbing the wheel and the enlarged hob. The hourglass worm wheel hob contains cutter body, cutter teeth and spiral flutes. The spiral flutes are playing the role of smoothing discontinuous cutting force at the time of hobbing worm wheel. The schematic of a cutting tooth of the hourglass worm wheel hob is shown in Fig.2 . Each side of the cutting tooth includes a cutting edge, a land edge, a land surface and a relief surface. The offset surface of the rake face is obtained by offsetting the rake face along its normal vector direction by an offsetting distance which is equal to e 0 which is the designed value of the land width. The land edges, which are the intersection lines of the offsetting surface and the helical surfaces, are gotten. The cutting edges are the intersection of the rake faces and the helical surfaces. The land surfaces are the part of the helical surfaces between the cutting edges and the land edges.
Land surfaces of an hourglass worm wheel hob
For an arbitrary point P 0 (x 0 , y 0 , z 0 ) on the cutting edge, a corresponding point P 1 (x 1 , y 1 , z 1 ) on the land edge can be obtained along a helix line which is the intersection line of the helical surface and the torus the point P 0 locates. The length from P 0 to P 1 along the helix line is the theoretical value of the land width. The length of the helix line is inconvenient for calculating and measuring because it is a space curve. The length of the line between P 0 and P 1 can be approximately regarded as the length of the helix line between the two points because the value of the land width is very small.
Mathematical model of helical surfaces of a dual-cone double enveloping hourglass worm
The main purpose of this paper is to design the land surfaces of the dual-cone double enveloping hourglass worm wheel hob. In principle, all of the cutting edges of the teeth of the worm wheel hob locate on the helical surfaces which are identical to those of the worm. For designing the land surface, it is necessary to obtain the helical surfaces of the dual-cone double enveloping hourglass worm. A dual-cone grinding wheel is used to generate the helical surfaces of the dual-cone double enveloping hourglass worm. Fig.3 shows the generating principle of the helical surfaces of a dual-cone double enveloping hourglass worm. When grinding the helical surface, the worm rotates at an angular velocity ω 1 and the dual-cone grinding wheel rotates about O 2 at an angular velocity ω 2 . At the same time, the dual-cone grinding wheel rotates about its own axis at a spin velocity ω 0 . The relationship between ω 1 and ω 2 is |ω 2 |=|ω 1 |/i 1d . i 1d is the transmission ratio which is equal to the transmission ratio of the worm pair i 12 .The worm rotations angle is φ 1 , and the initial position of it is the middle plane of the worm wheel. The dual-cone grinding wheel rotations angle is φ 2 , and the initial position of it is the throat middle plane of the worm. The center distance from O 2 to the center O 1 of the worm is a s . The distance from O 2 to the center O 0 of the dual-cone grinding wheel is a 0 . The axis setting angle of the dual-cone grinding wheel is β. The conical surfaces on two sides of the dual-cone grinding wheel are both generating surfaces. The conical surfaces generate out the helical surfaces by its corresponding side. Fig.4 is a dual-cone grinding wheel. The tooth angle of the grinding wheel is α d and the radius is r d . The top width is s a . u s and θ s are the two parameters of the conical surface. N 0 (x 0 ,y 0 ,z 0 ) is an arbitrary point on the conical surface of the dual-cone grinding wheel. The conical surface is represented by a position vector r 0 as follows: 
The helical surface of the hourglass worm is represented by a position vector r s . According to the gear meshing theory, the equations of the helical surface are as follows:
Where, u s =u s (θ s ,φ 2 ) is the conjugate condition equation. ξ 0 is an offset vector. R 1 ,R 2 and R 3 are rotation matrixes. The expressions of them are as follows: 
Design of land surfaces 4.1 Design of rake faces and cutting edges
The rake faces and the cutting edges are obtained by forming the spiral flutes of the dual-cone double enveloping hourglass worm. Since the dual-cone double enveloping hourglass worm wheel is mainly used in the transmission in which the threads are more than four, the spiral flutes are adopted in this kind of hob. The lead angles γ of the hourglass worm are different with each other for different cutting edges of different teeth, which lead to the difficulties for machining the spiral rake faces. R i is the radius of an arbitrary torus of the hob, and it varies from the top torus R a to the root torus R fd . Eq. (18) is the formula of lead angles on the pitch torus of the dual-cone double enveloping hourglass worm.
In order to machine the spiral rake face, a cylindrical surface is selected as the generating surface to generate the spiral rake faces Liang, et al., 2013) as shown in Fig.5 . The apex of the cylindrical generating surface moves along the root torus of the hob at a speed v C . At the same time, the hob rotates at an angular velocity ω C . The spiral rake face is machined through the relative movement of the cylindrical surface and the hob. . When machining the rake face, the cylindrical surface moves at a speed v C , and the hob rotates around the C-axis at an interconnected angular velocity ω C . The machining process contains three motion parameters, the translational motion X od , the translational motion Z od and the rotation of C-axis with φ C . When machining the rake face, Y od is equal to ρ C . ρ C is the radius of the cylindrical surface. Fig.8 shows the parameters of the cylindrical surface. θ C and u C are two parameters of the cylindrical surface. In the moving coordinate system σ d , the
on the cylindrical surface can be represented by γ m is the throat lead angle of the hob, and it can be solved out by Eq.(18). For arbitrary lead angle γ of the hob, it is less than or equal to γ m . d 1 is the pitch torus diameter of the hourglass worm wheel hob. In the rotating coordinate system σ 1 , the vector of arbitrary point on the rake face is (r 1 ) 1 . According to the gear meshing theory, the equations of the spiral rake face are as follows (Litvin and Fuentes, 2004; Wu, 2009 ) :
Where, u C =u C (θ C ,φ C ) is the conjugate condition equation. ξ 1 is an offset vector. ξ 2 is the vector from O 1 to O od . R 4 and R 5 are rotation matrixes. The expressions of them are as follows: 
The normal vector (n o1 ) 1 of the cylindrical surface in σ 1 can be obtained by transforming (
In σ 1 , the normal vector (n 1 ) 1 of arbitrary point on the rake face is equal to (n o1 ) 1 . 
This design method for machining the rake face is just one of the methods for forming the spiral rake face. The method for designing the land surfaces in this paper is based on the design method of the spiral rake face in this section. Fig. 9 The rake face and the cutting edge 
Design of land edges
According to Eq.(8) and Eq.(29), the equations of the offset surface are given as follows:
The coordinates of all P 1 (x 1 ,y 1 ,z 1 ) on the land edge of the dual-cone double enveloping hourglass worm wheel hob can be obtained by combining the equations of the offset surface Eq.(30) with the equation of the tooth helical surface Eq.(8). The equations of the land edge are given as follows:
The land surface is part of the helical surface between the cutting edge and the land edge, as shown in Fig.10 . According to the method for designing the land edge in this section, the coordinates of the point P 1 (x 1 , y 1 , z 1 ) can be calculated out. The length of the line from P 0 (x 0 , y 0 , z 0 ) to P 1 (x 1 , y 1 , z 1 ) is the land width e.
Numerical example and discussion
A numerical example is given to evaluate the accuracy and the uniformity of the land widths which are designed by the provided method in this paper. Basic parameters of a dual-cone double enveloping hourglass worm wheel hob are listed in Table 1 . 
Building helical surfaces, rake faces and offset surfaces
According to Eq. (8), the coordinates of the helical surfaces of the flank of the hob can be calculated. The radius of the cylindrical generating surface is set as ρ C =6 mm. According to Eq. (20), the coordinates of the spiral rake faces can be calculated. The helical surfaces and the spiral rake faces are fitted by the calculated data as shown in Fig.11 . The intersection lines of the helical surfaces and the spiral rake faces are the cutting edges. The coordinates of P 0 (x 0 , y 0 , z 0 ) on the cutting edges of the hob can be calculated by Eq.(28). Normally, the range of the land width of an hourglass worm wheel hob is between 0.1~0.15mm. In order to observe conveniently in figures, the land width of the land surface is set as e 0 =1.0 mm firstly for calculating. According to Eq.(30), the coordinates of the offset surfaces can be calculated with the land width e=1.0 mm. Then, the offset surfaces can be fitted by the calculated data as shown in Fig.12 . The intersection lines of the offset surfaces and the helical surfaces are the land edges. According to Eq.(31), the coordinates of the point P 1 (x 1 , y 1 , z 1 ) on the land edges can be calculated. Fig.13 is a cutting tooth with the land surface and the relief surface. Then, a dual-cone double enveloping hourglass worm wheel hob is completely fitted as shown in Fig.14 . 
Calculating of the land width
In this numerical example, the flank of the hob contains five threads and five spiral rake faces. Five same and circumferential uniform-spaced rows of cutting teeth are designed around the axis of the hob. We take one row of cutting teeth for study and the cutting teeth are numbered from No.1 to No.5 as shown in Fig. 14. The coordinates of P 0 (x 0 , y 0 , z 0 ) on the cutting edge and those of P 1 (x 1 , y 1 , z 1 ) on the land edge are calculated and the length of the line from P 0 (x 0 , y 0 , z 0 ) to P 1 (x 1 , y 1 , z 1 ) is the calculated land width e.
The following Table 2 and Table 3 show the calculated land width e of both sides of the teeth from No.1 to No.5 when e 0 is set as 1.0 mm. The serial numbers from 1 to 20 in the two tables denote 20 equal-distanced torus radius from the top torus of the hob to that of the root. According to Table 2 and Table 3 , the calculated land width can be analyzed by drawing curves. First, we analyze the variation tend along the hob axial. Fig.15 shows the land width on both sides of the cutting teeth from No.1 to No.5 on the pitch torus circle of the hob. It shows that the value of calculated land widths e are within the interval [1.0, 1.015] mm. Table 4 and Table 5 . According to the data in Table 4 and 
Discussion of the land width
According to the results of the land width that was analyzed above, the following results can be obtained.
(1) The calculated land widths on the pitch torus decrease firstly and then increase from one end to another end along the axial direction. Near the throat position, the calculated land width is closest to the given value e 0 . This is because the land surface is designed by the throat lead angle γ m . The lead angle in the throat position is the biggest one among all of the lead angles on the cutting edges of the hob teeth.
(2) The difference of calculated land widths between the top and the root is larger at side teeth than that at middle teeth. The No.3 tooth and No.5 tooth are the side teeth and the calculated land width decrease firstly and then increase from the top to the root. The No.1 tooth is the middle tooth and the calculated land width of it gradually decreases from the top to the root. The difference of the calculated land widths between the top and the root of the No.3 tooth and No.5 tooth are larger than that of the No.1 tooth.
(3) The calculated land widths e are slightly larger than the given land width e 0 and all the calculated land widths e change within a small range that can be ignored. According to the method for designing the land surface in section 4.2 in the paper, the line P 0 P 1 may not along the normal vector (n 1 ) 1 of the point P 0 on the spiral rake face. Therefore, the line P 0 P 1 may not be perpendicular to the spiral rake face and the offset surface. If the line P 0 P 1 coincides with the normal vector (n 1 ) 1 , the length of the line P 0 P 1 is equal to the given land width e 0 . If not, the length of the line P 0 P 1 is larger than the given e 0 . The calculated land width e is the length of the line between the point P 0 and the point P 1 . So the calculated land width e is slightly larger than or equal to the given land width e 0 . The relationships between them are shown in the following Fig.21 . 
Conclusions
This paper has carried on the detailed research to the design of the land surface for a dual-cone double enveloping hourglass worm wheel hob. The main conclusions of this paper include the following three points.
(1) A mathematic model for designing the land surfaces of the dual-cone double enveloping hourglass worm wheel hob was established. Based on the mathematic model of the spiral rake face, the offset surfaces of the spiral rake faces are obtained by offsetting the spiral rake faces along their normal vector directions with the offsetting distance which is equal to the land width.
(2) A numerical example is used to evaluate the accuracy and the uniformity of the land widths which are designed by the proposed method. All the calculated land widths change in a small variation range, and the small variation can be ignored in manufacturing. The results demonstrate that the method for designing the land surfaces provided in this paper can keep the accuracy and the uniformity of the land width and the method is feasible and effective to design the land surface.
(3) Since the calculated land widths by this method are slightly larger than the given value, the integrity of the designed cutting edge can be guaranteed well. So the value of the land width can be given as required, and no matter how smaller the land width is given.
The method for designing the land surface that was provided in this paper is feasible and effective for designing the dual-cone double enveloping hourglass worm wheel hob with spiral rake faces, and the accuracy and the uniformity of the land width of different hob teeth can be guarantee. This research is helpful for the development of the dual-cone double enveloping hourglass worm gearing.
